The main objective of this paper is to present two improper integrals associated with the modified Bessel functions and their multi-index analogues by using explicit formulas for the matrix elements of restriction of the left quasiregular SO(3, 1)-representation to one diagonal matrix with respect to the parabolic basis.
Introduction and Preliminaries
Throughout this paper, let C, R + , Z and N be sets of complex numbers, positive real numbers, integers and positive integers, respectively, and N 0 := N ∪ {0}.
We begin by recalling the Bessel function of the first kind J ν and its modified Bessel function I ν defined, respectively, by It is easy to see that the case n = 1 of (4) and (5) corresponds with (1) and (2) . The case n = 2 of (4) and (5) was considered by Humbert [5] . The Delerue generalizations (4) and (5) were re-derived, three decades later, by Klyuchantsev [8] and have found certain interesting applications in (for example) quantum mechanics [7] , fractional calculus [6] , and theory of MittagLeffler functions [3] . Also properties of the hyper-Bessel functions (4) and (5) have been investigated (see [1, 11] ).
The authors [14] dealt with the matrix elements t λλ (g) of the restriction of the SO(2, 1)-representation to some block-diagonal matrices g and obtained some interesting formulas such as cos(πσ) 2 
and W k,µ (z) is the Whittaker's function of the second kind (see, e.g., [19, p. 39 ]; see also [10, Chapter 10] ). The case k = 0 of (6) gives a (presumably) new integral relation for Bessel functions in a sense. Here, in this paper, we aim at presenting certain interesting relations like (6) for the Bessel functions of the second kind, the modified hyper-Bessel functions of the first kind, and the modified hyper-Bessel function of the second kind given in Section 3 associated with their improper integrals, by mainly using the similar techniques as in [13, 14, 15, 16, 17] .
2 The space D, representation T and functionals F i
It is known (see [9] ) that irreducible representations of the special orthogonal group SO(s, t) can be realized as the left or right quasiregular representation in the space of infinitely differentiable functions defined on the cone Λ :
and satisfy the condition of σ-homogeneity f (αx) = |α| σ f (x) for the fixed σ and an arbitrary α. The authors [14, 16, 17 ] considered the cases s = t = 2, s = 2 = t + 1 and s = 3 = t + 2, respectively, in which the representation space was denoted by D and called the basic space. The similar space of (2 − s − t − σ)-homogeneous functions was denoted by D
• and named the concerted representation space. The representation T in D maps a group element g into the non-degenerate linear operator T (g), which acts by the formula f (x) −→ f (g −1 x). Moreover, by means of homogeneity, it is possible to realize the above representation as the restriction of T to the linear subspace V of D, which consists of functions defined on a conic section intersecting all or almost all generatrices. If a function belongs to a basis of V , we can lift this function on Λ via the σ-homogeneity. Doing so, we obtain, in particular, the bases λ in case of sign x 4 = ±1 and equal to zero otherwise. Let H i be a subgroup of SO(3, 1) which acts transitively on the section γ i . In this paper, we use the functionals F i : D ×D −→ C defined by
where (dx) γ i is a H i -invariant measure on γ i . It is proved [14, 15] 
• . For any i, arbitrary functions u, v ∈ B i are mutually orthogonal with respect to F i .
The matrix elements of one subrepresentation and corresponding formulas for Bessel and hyper-Bessel functions
Let us parameterize the section γ 2 as
and, for each g ∈ SO(3, 1), express the function
] as a linear combination of functions belonging to basis B 
Since (dx) γ 2 = α 2 dα 2 dβ 2 and
is the q-delayed Dirac delta function, we have, for any f *
We then have
We therefore find that
Let a := diag(1, 1, 1, −1). It is shown in Theorem 3.1 below that the matrix elements of the linear operator T • (a) with respect to basis B , we have
Proof. It is noted that T • is a homomorphism of the group SO(3, 1) into the group of the nonsingular linear operators of the space D
• , and a ∈ SO(3, 1) is an element of order two. It is known (see [14] ) that both functionals F 1 and F 2 , defined on D
• × D, are invariant with respect to the pair (T • , T ) of representations. We therefore have
Here we use the following known formula (see [4, Entry 6 .591.8]):
Replacing Γ(±σ) by the fraction ± π csc(πσ) Γ(∓σ+1) and representing argument
of the obtained 0 F 3 -hypergeometric functions as
, we can express the resulting formula through the modified hyper-Bessel functions.
Here, like (4) and (5), we extend the Macdonald function K ν (z) in (7) to the multi-index analogue which is called hyper-Macdonald function as follows:
..,−νn (z) − I ν 1 ,...,νn (z) sin(π(ν 1 + · · · + ν n )) (10) (n ∈ N; ν 1 + · · · + ν n ∈ C \ Z).
Setting q 2 = 0 =q 2 in (8), we obtain the following identity. 
Using the result in Theorem 3.1, we obtain two improper integral formulas asserted by Theorem 3.3. , we have +∞ 0 K σ+1 (p 2 ) I |q 2 |,−σ,|q 2 |−σ 2 p 2p2 − I |q 2 |,σ,|q 2 |+σ 2 p 2p2 dp 2 = 2 sin(πσ)
and +∞ 0 K σ+1 (p 2 ) K 0,σ,σ 2 p 2p2 dp 2 = p −1
